Abstract. Polymer quantum systems are mechanical models quantized in a similar way as loop quantum gravity but in which loops/graphs resembling polymers are replaced by discrete sets of points. Such systems have allowed to study in a simpler context some novel aspects of loop quantum gravity. Although thermal aspects play a crucial role in cosmology and black hole physics little attention has been given to the thermostatistics of many body polymer quantum systems. In this work we explore how the features of a one-dimensional effective polymer gas, affect its microstate counting and hence the corresponding thermodynamical quantities.
INTRODUCTION
In polymer quantum mechanics one follows the loop quantization of gravity to quantize, for example, a nonrelativistic particle moving on the real line [1, 2] . This approach has served to handle in a simpler context some novel aspects involved in the loop quantum gravity proposal like, say, singular potentials [3] , validity of Galilean symmetry [4] or modifications of the uncertainty principle [1, 5] .
The construction of the polymer model starts by considering a representation of the Weyl algebra on a polymer Hilbert space that is non separable [1, 2] . One can choose as basic operators the position of the particle and finite translations so that, although the momentum operator is not defined, a Hamiltonian can be given. The polymer Hilbert space is conveniently described in terms of regular lattices, each of which is defined by using a length scale µ 0 , that form a set labeled by a continuous index, thus making explicit its non separable character. It turns out that the dynamics allows to pick a superselected sector given by any single regular lattice. The Schrödinger eigenvalue equation takes the form
where ψ n is an eigenfunction with eigenvalue E n , x j is a lattice point labeled by j ∈ Z and V (x j ) is a potential term. The polymer length scale µ 0 has been given two possible interpretations. One asserts that it may play the role of a fundamental discrete length scale and the usual quantum mechanics in the continuum is only an approximation [1] . A different approach renders µ 0 a renormalization parameter so that standard quantum mechanics is just the continuum limit of the polymer one [2, 6] .
Important gravitational systems like the cosmos and black holes necessarily involve thermodynamics in their description [7, 8, 9] . Hence it is natural to study the thermostatistics of polymer quantum systems which may resemble some aspects of loop quantum gravity. Notice that, using a different approach, some quantum gravity models have been advanced which are based on thermostatistics and condensed matter systems [10] . Moreover, it has even been suggested that for discrete systems in quantum gravity the spin-statistics theorem can be different from the usual one [11] .
In this work we explore how the features of an effective polymer gas affect the counting of its microstates and hence the corresponding thermodynamical quantities. A similar but different idea which was based on a Generalized Uncertainty Principle (GUP) has been considered in [12] . We compare our analysis with theirs.
POLYMER GAS IN THE MICROCANONICAL ENSEMBLE
Our strategy here is to adopt a classical phase space perspective in which our polymer gas is considered only in an effective form.
First let us consider the effective polymer quantum mechanical system of N identical particles of mass m in one dimensional box of length L. Within polymer quantum mechanics the momentum operator does not exist but it is replaced by a combination of translation operators [1, 2] . Nonetheless, an effective analysis of polymer quantum mechanics can be performed which actually turns out to be rather good approximation [13] . This amounts to the replacement p i →¯h µ 0 sin (µ 0 p i /h) in the classical Hamiltonian yielding
Next we proceed to the thermostatistics analysis in the classical realm. The number of microstates Ω for our gas with total energy lying between E and E + ∆E, can be expressed in terms of the volume of the phase space hypershell contained between the corresponding energy hypersurfaces. This is given by
Here ω is the phase space volume which boundary is given by the energy surface H e f f (q, p) = E, ω 0 is the minimum volume of phase space usually taken as (2πh) N on the basis of the standard uncertainty principle and N! is the Gibbs' correction factor implementing the indistinguishability of the gas particles [14] . According to eq. (2), H e f f depends only on the momentum, hence we get
where ω p is just the momentum integral contribution in (4). In the classical case this
, where Γ(x) is the Gamma function. For the present effective polymer case ω p shall be calculated using the volume of an hyper-sphere [14] , which is considered to be an approximation for some similar problems [12] . Hence
where R = √ 2mE and C N is a geometrical factor, independent of R. One obtains C N by forcing the equality of the two following integrals, having the same integrand,
We should stress that while in the classical case it is natural to consider as domain of integration the whole momentum space: p i ∈ (−∞, ∞) and R ∈ [0, ∞], in the present case the limits of integration must take into account the trigonometric dependence of (2) in the momenta. For this reason I 1 is calculated on a basic cell so that p i stretches between 0 and¯h π µ 0 and for I 2 ones uses that R is bounded by
To proceed further let us observe that
where I 0 (x) is the modified Bessel function of first kind, while
where γ(x, a) is the incomplete Gamma function [15] . Equating (9) to (10) fixes C N . Now we can go back to the number of microstates for our effective polymer gas. By combining (3) with (5) and (6) we get
where we used that γ At this point one can make contact with thermodynamics. The first step is to determine the entropy using Boltzmann's relation S = k ln Ω, with k being Boltzmann's constant. In our case the entropy reads
where we made use of Stirling's approximation in Γ N 2 and N! [14] . As usual, for the last term in (12) we have that
, and so this term is of order ln N which is negligible compared to terms of order N.
By consistency it is not only mandatory to regain the usual form of the entropy for the classical gas from eq. (12), such an approach can actually provide an explicit form for corrections with respect to the classical case, expressed in terms of the polymer length scale µ 0 . To do so one has to study the regime defined by considering µ 0 as a small quantity. In this regime one can approximate the Bessel function contained in (12) by an asymptotic form. In this way the entropy of the effective polymer gas, eq. (12), for small
The first two terms in (13) correspond to the entropy of the classical gas. As for the correction term, since it depends not only on µ 0 but also on d, an interpretation is not as clear. This raises the question on whether the usual procedure involving (6), used here as an approximation, is valid. A direct treatment for N = 1 of ω p from the definition (4) gives ω
h R , which clearly does not correspond to (6) . Certainly the exact value of ω (N=1) p and that based on (6) yield a result of the same order: ∼¯h µ 0 , but differ in their detailed form. Unfortunately a comparison for large N is not currently available.
Finally we notice that if we approximate our definition of the effective Hamiltonian
, a quadratic truncation in µ 0 , one obtains the dynamics of particles obeying a GUP, [12] . In this sense the effective polymer gas becomes approximately a system described by such a GUP, as it has been suggested for other polymer systems [5] . Again, both results can only be regarded as rough approximations.
DISCUSSION
Polymer quantum mechanics was advanced to model some aspects of loop quantum gravity in a simpler context, namely through the use of a mechanical system [1, 2] . Indeed this opened up the possibilities to investigate different physical problems [1, 4, 5, 3] . On the other hand important gravitational systems like the cosmos itself and black holes necessarily involve thermodynamics in their description. However, on the side of polymer quantum models little effort has been dedicated to explore such problem.
In this work an effective polymer gas was studied in the framework of a classical statistical system to investigate the effects of the polymer features in the corresponding thermodynamical quantities. The main reason to use an effective model is that it has been actually shown, by alluding to the corresponding dynamics, that certain effective models turn out to be an excellent approximation to the full models [13] .
Most of the effort in the present work was devoted to the determination of the number of states of the system in phase space due to the novelty of the form of the effective Hamiltonian (2) of polymer models. An approximation based on (6) yields the number of states of the effective polymer gas (12) . Although this was proved to contain the result for the classical gas, Eq. (13), we noticed that corrections with respect to such case, for µ 0 small, also contain the momentum scale d, which in turn was required for dimensional reasons. Remarkably, the scale d drops out from the classical case and also from the leading approximation for the present polymer case. On the other hand we found that an analytical form for the momentum volume ω (N=1) p for N = 1, reveals important differences with respect to the approximation (6) . Overall, our approach requires further investigation and in particular it would be interesting to consider calculating the integrals in (4) for N > 1.
